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Abstract 

We review Cantorian and Non Commutative Spacetime, work which 
has occupied El Naschie in the past several years. These concepts 
are now the subject of intense research, thanks to Quantum Gravity, 
Quantum Super String Theory and a few other approaches. It now 
appears that we are on the verge of a breakthrough in finding solu- 
tions to longstanding problems, like the unification of gravitation with 
other fundamental interactions and the question of the mass spectrum, 
another recent area of El Naschie's work. 

1 Introduction 

It is now a cliche that the two great intellectual pillars of the twentieth cen- 
tury, viz., General Relativity or, more generally, Gravitation and Quantum 
Mechanics have stood apart, stubbornly defying attempts at unifying them. 
As Wheeler jl] noted, the problem finally boils down to the introduction of 
the Quantum Mechanical concept of spin half into Classical Theory and the 
classical concept of curvature into Quantum Theory. Curiously enough the 
two pillars of General Relativity and Quantum Theory stand on a common 
ground: Together they use the concept of a differentiable space time mani- 
fold, be it the Reimannian space time of General Relativity or the Minkowski 
space time of Relativistic Quantum Theory or Quantum Field Theory. How- 
ever more recent work be it in Quantum Gravity or in Quantum Super String 
Theory, has hinted at a minimum space time cut off El Ej • This alters the 
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age cold concept of a smooth space time. In recent years there has been 
quite some work by different authors such as Ord, Nottale, El Naschie, the 
author and others in this relatively new field of non differentiable space time 
M HI El E3 GDI IU| and several references therein. One of the very fruit- 
ful concepts put forward in these pathbreaking efforts has been El Naschie's 
concept of the Cantorian space time. Atlast some schoalrs are beginning to 
realize the fractal nature of space time. Once we break out of the smooth 
spacetime mindset, many exciting possibilities open up, including a unifica- 
tion of gravitation with other fundamental interactions, and also the possibil- 
ity of solving the elusive problem of the mass spectrum, as has been deduced 
by El Naschie for example [3H] . 

We will briefly survey some of these efforts and indicate how the solution of 
longstanding problems are now within sight. 

2 Non Commutative Spacetime 

We start with a Quantum Mechanical description. In Quantum Theory, it 
is well known that spacetime points pose a major difficulty By the Uncer- 
tainly principle, if we go down to such points, we will end up with infinite 
momenta and energies. This situation comes up clearly in the case of the 
Quantum Mechanical treatment of the electron ^2|- We encounter electrons 
with the velocity of light and rapid oscillations termed zitterbewegung. At 
that time Dirac realised this problem and correctly explained the anamoly by 
noting that only observations averaged over small intervals at the Compton 
scale are physically meaningful. Within the Compton scale there are well 
known non local effects. This is a major departure from classical considera- 
tions where we use spacetime points. 

Nevertheless Quantum Theory has continued using classical space time as 
a background. This has lead, for example to the problem of infinities and 
resonances found by Poincare much earlier in classical theory For ex- 
ample in Classical Electrodynamics, the relativistic generalisation of the well 
known Lorentz equation is the Lorentz-Dirac equation. This equation shows 
unphysical characteristics, such as third derivatives with respect to time, run 
away solutions with infinite energy and so on ^JJ • The infinite energy 
in this case is attributed to the infinite energy which an electron, treated as 
a spherical shell, acquires when the radius of the shell tends to zero. But it 
is remarkable that even in Classical Electrodynamics the infinities and non 
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local effects are confined to the same Quantum Mechanical Compton scale 

One way in which Quantum Field Theory has dodged these unpleasant fea- 
tures is by using the renormalization technique. To put it briefly, the physical 
quantity we observe, for example the mass or charge consist of two compo- 
nents: One is the "actual" or bare value and the other is a value due to 
the above effects. What is important ultimately is the physical quantity we 
observe. So if we can find a model in which the bare value and the infinite 
value somehow add up to give the correct physical value in the limit, then the 
theory is renormalizable, because in any case what happens within the small 
intervals is ultimately of no consequence Dirac himself was critical 

of this approach and predicted that one day it would be proved wrong [T7] . 
He observed, "I am inclined to suspect that the renormalization theory is 
something that will not survive in the future, and that the remarkable agree- 
ment between its results and experiment should be looked on as a fluke." 
In parallel a number of scholars such as Snyder had tried to work out theo- 
ries which recognized minimum intervals as a way to eliminate the infinities 
fHl EE E].This work did not find favour for many years. 
However relatively recent developments from two separate directions, that of 
Quantum Gravity and Quantum Super String theory have lead back to the 
notion of a minimum space time scale [HI 121 H] : The Planck Scale (10~ 33 cms 
and 10 _43 secs) which is the Compton scale for a particle with a Planck mass, 
10~ 5 gms. Interestingly Max Planck himself had noted that the Planck scale 
is made up of a combination of the fundamental constants and therefore must 
be fundamental. In recent years there has been a growing body of literature 
which argues that the Planck scale is indeed such a fundamental minimum 
scale. 

The introduction of such a minimum scale, instead of space time points leads 
to consequences far beyond the classical description. Space time now becomes 
non commutative |2U1 12T] , the Uncertainity principle takes on an extra term, 
sometimes called the duality term [2U 1221 an d so on - Specifically, we have, 
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[t,Pt] = ih[i 

[x,Py] = [y,Px] 

[x,p t ] = c 2 [p x ,t] = 
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Non relativistic Quantum Theory follows from ([!} if a 2 is neglected, though 
spacetime is now commutative as in the usual theory. The modification to 
the Uncertainity Principle is seen in equation (J2J) when terms ~ 0(a 2 ) are 
retained. All this also averts, what Wheeler had called the greatest crisis 
of Physics, namely the space time singularity of the point spacetime theory, 
indeed as the point no longer exists. 

It can be argued that the space time generally used in Classical theory and 
Quantum Theory is an approximation, which smoothens out an underpinning 
chaotic behavior at the Planck scale [231 121] • Indeed as Wheeler himself ob- 
served, "No prediction of space time, therefore no meaning for space time is 
the verdict.... That object which is central to all of classical general relativity, 
the four dimensional space time geometry, simply does not exist, except in 
a classical approximation.... One has to forego that view of nature in which 
every event, past, present, or future, occupies its preordained position in a 
grand catalog called "space time" (Tj. This approximate classical space 
time is quasi- changeless or stationary and time is reversible, as indeed is 
evident from the equations of motion both in Classical Physics and Quan- 
tum Physics. But when we go beyond this approximation, to the stochastic 
description at the Planck scale (22] time is no longer reversible. We make 
the leap from the age old concept of "being" to the concept of "becoming" 
at least at this scale. 

One of the criticisms put forward against the Planck Scale Phenomena is that 
these effects are beyond experimental verification for a long time to come. 
But let us analyse this further. The Compton scale which we encounter in 
the physical world has an underpinning of some n = 10 40 transient Planck 
particles. However Planck scale phenomena are moderated, and we have, as 
in a diffusion process, 



where / and m are the Compton wavelength and mass of a typical elemen- 
tary particle and lp and mp are the Planck length and the Planck mass. An 
equation identical to (J3J) holds for the Compton time also. 
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(J3J) and (@J) are not mere numerical accidents - they can be deduced as men- 
tioned from a diffusion process [2Sj- The y/n in the equations is indicative 
of a Brownian process. For example, in a random walk of n steps, each of 
length the total distance covered would be of the order of ^/nl. 
Infact we can go one step further. Remembering that there are a total of 
N = 10 80 elementary particles, the entire universe shows up as n x N = 10 120 
Planck scale oscillators. Using the fact that the rth energy led for the Har- 
monic oscillators is given by ^/rTiuo for large r, [23] it follows that the total 
energy of these Planck scale oscillators would be y/nNmpc 2 , which correctly 
gives the mass of the universe itself. That is, the universe is a normal mode 
of these Planck scale oscillators. 

We have already remarked that the Quantum commutators are present in 
(0), if we neglect terms of the order of a 2 . In particular, taking a to be 
the Compton scale, it has been shown that we can recover from |Q and 
(J21) the Dirac equation itself [1 lj . This again is not surprising because the 
non commutativity in Q and (j2j) can be shown to represent spin even from 
the classical viewpoint Interestingly, at the Compton scale it has been 
shown that the Quantum coordinates coincide with the complex coordinates 
of a classical Kerr-Newman Black Hole with radius of the order of the Comp- 
ton wavelength. Indeed it has been known for a long time that the classical 
Kerr-Newman metric reproduces the field of the electron including the purely 
Quantum Mechanical gyro magnetic ratio g = 2. What has been inexplicable 
is the fact that there is a naked singularity or equivalently complex coordi- 
nates. This infact is a direct consequence of the non commutativity [TT] . 
In other words once the non commutative or fuzzy nature of spacetime is 
taken into consideration, corresponding to averages over zitterbewegung in 
Realtivistic Quantum Theory, the naked singularity disappears and the elec- 
tron can be represented by the Kerr-Newman metric. These conclusions have 
since been confirmed by Nottale [2Zj- Already this Kerr-Newman character- 
ization of the Quantum Mechanical electron points to the long sought after 
linkage between gravitation and electromagnetism [2E] • It can be shown for- 
mally that this is so [2H1 1201 122] • Infact arising from JI} there is the covariant 
derivative 

d, - d, - r*„ (5) 

The second term on the right of (jSJ) represents the electromagnetic potential, 
and surprisingly coincides with the original Weyl formulation of electromag- 
netism. 
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Surprising as it may seem there is a cosmological scheme which follows from 
these considerations. It can be understood on the basis of the fact that in 
the minimum time interval r at the Compton scale ,y~N particles are created 
fluctuationally from the Quantum vacuum, where N is the number of parti- 
cles present at that epoch [3UJ ETJ E2] ■ This cosmology successfully predicted 
dark energy and an accelerating ever expanding universe since confirmed by 
observation [33J EH] ■ 

All this can also be shown to explain some hitherto inexplicable coincidences 
noted by Weyl, Eddington, Dirac and Weinberg. These are relations like 

R = VNl (6) 
N (7) 



e 2 



Gm 2 



fh 2 H\ 1/3 

m =[-G^) (8) 

and others. R is the radius of the universe, e is the electron charge, G the 
universal constant of gravitation, c the velocity of light, H the reduced Planck 
constant and H the Hubble constant. It is easy and even unscientific to dis- 
miss such equations as accidents. Dirac himself realised that equations (JHJ) 
and ((7J) for example could have a cosmological significance There was 
an inconsistency in his otherwise beautiful cosmology. More recently it has 
been shown by the author that these coincidental equations (JEJ) can be de- 
duced, on the basis of the cosmology mentioned above. It may be mentioned 
that Weinberg had termed the equation (jSJ) as being mysterious because it 
relates a large scale parameter like H, the Hubble constant to microphysical 
constants [HE]- This points to a Machian or "co-related" universe which is 
not surprising because the universe as we have just seen, is a normal mode 
of Planck oscillators. 

In this consistent scheme, the universe is created out of a sub stratum Quan- 
tum vaccuum or dark energy, in a phase transition at the Planck scale p?T] . 
Herein are the very first seeds for all the complex structures of the universe. 



3 A Mass Spectrum 

We can extend these considerations to generate a mass spectrum, a problem 
that has fascinated El Naschie and for which his model gives a solution |38] . 
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We now use the model of three oscillators (typically for the three quarks), 
discussed in detail in references jSHl HOI EEU SJ] • We use the fact that for such 
an oscillator (resembling a triatomic molecule) [32] the frequencies are given 
by 

lu = J k/m, 2\J k/m (9) 

for one and two such oscillators where Hu = mc 2 ,m being the mass. 
For reasons discussed in detail in the references, we take the higher frequency 
or mass to represent the pion m n . In this connection, it may be mentioned 
that the 7r° meson has been shown to be a bound state of an electron and 
positron in the discrete spacetime theory [TT] . borne out by its decay mode. 
This was a starting point for El Naschie in his mass spectrum model. Then 
from Q we derive the mass spectrum from the oscillator energy levels viz., 

m ~ (n + — )rn. K , m ~ (2n + l)m n , n = 0, 1, 2, • ■ ■ (10) 

It is remarkable that the formula (|1U|) generates a whole range of some 50 
mesons and baryons including the well known particles from the particle 
data group tables (Cf.refs.[43), starting from the i^meson (480meV approx- 
imately) through several other mesons including the 2%, D, f, p, and so on 
as also the very massive j(ls), 72s, 73s, 74s, 7IO86O, B, J / fyls) and so 
on, going right up to values of n near 80 giving the heaviest of the particles 
and clusters of masses nearby. Even in the approximation (fTUj) where several 
degrees of freedom and other details have been excluded, the agreement is 
within a few percent of the actual values. Interestingly the latest particle 
D 5 (2317) 03] also follows from (jlOj) . being apprxomately 17m n . Incidentally 
El Naschie's mass spectrum can also start with the model of spring connected 
oscillators [55] . 

References 

[1] CW. Misner, K.S. Thorne and J.A. Wheeler, "Gravitatioin", W.H. Free- 
man, San Francisco, 1973, pp.448ff. 

[2] D. Amati, in Sakharov Memorial Lectures, Eds. L.V. Kaddysh, N.Y. 
Feinberg, Nova Science, New York, 1992, p.455ff. 

[3] L.J. Garay, Int.J.Mod.Phys. A., 1995, 10(2), p.145-65. 



7 



[4] B.G. Sidharth, Chaos, Solitons and Fractals, 15, 2003, p.593-595. 

[5] G.N. Ord, Int.J.Th.Phys., Vol.35, No.2, 1996, p.263-266. 

[6] G.N. Ord, Int.J.Th.Phys., Vol.31, No.7, 1992, p.1177-1195. 

[7] L. Nottale, "Fractal Space-Time and Microphysics: Towards a Theory 
of Scale Relativity", World Scientific, Singapore, 1993, p. 312. 

[8] M.S. El Naschie, Chaos, Solitons and Fractals, 7(4), 1996, pp.499-518. 

[9] M.S. El Naschie, Chaos, Solitons and Fractals, 10(11), 1999, pp.1813- 
1819. 

[10] M.S. El Naschie, Int.J.Th.Phys., Vol.37, No.12, 1998, p.2935ff. 

[11] B.G. Sidharth, "Chaotic Universe: From the Planck to the Hubble 
Scale", Nova Science Publishers, Inc., New York, 2001 (And several 
references therein). 

[12] P.A.M. Dirac, "The Principles of Quantum Mechanics", Clarendon 
Press, Oxford, 1958, pp.4ff, pp.253ff. 

[13] F. Rohrlich, "Classical Charged Particles", Addison- Wesley, Reading, 
Mass., 1965. 

[14] B.G. Sidharth, in Instantaneous Action at a Distance in Modern Physics: 
"Pro and Contra", Eds., A.E. Chubykalo et.al., Nova Science Publishing, 
New York, 1999. 

[15] Gerard 't Hooft in "Frontiers of Fundamental Physics 4", Kluwer Aca- 
demic/Plenum Publishers, New York, 2000, p.1-12 ff. 

[16] J.R. Klauder, "Bosons Without Bosons", in Quantum Theory and The 
Structures of Time and Space, Vol.3, Eds. L. Castell, C.F. Van Wei- 
izsecker, Carl Hanser Verlag, Munchen, 1979. 

[17] M. Sachs in "Directions in Microphysics", Fondation de Broglie, Paris, 
1993, pp.393ff (For Dirac quote). 

[18] H.S. Snyder., Physical Review, Vol.71, No. 1, January 1947, p.38-41. 

[19] H.S. Snyder., Physical Review, Vol. 72, No.l, July 1 1947, p.68-71. 



8 



[20] B.G. Sidharth, Annales de la Foundation Louis de Broglie, Vol. 27, No.2, 
2002, pp.333-342. 

[21] J. Polchiroski, Rev.Mod.Phys., 65(4), 1996, pp.l245ff. 

[22] B.G. Sidharth, Nuovo CimentoB, 117B (6), 2002, p.703. 

[23] B.G. Sidharth, Found.Phys.Lett., 15 (6), 2002, pp.577-583. 

[24] B.G. Sidharth, "Space-time" in Concise Encylopaedia of Super symmetry 
and Noncommutative Structures", Eds. J. Bagger, S. Dupliz and W. 
Siegel, Kluwer, Dordrecht, 2001. 

[25] B.G. Sidharth, "Fuzzy Space Time, Quantum Geometry and Cosmol- 
ogy", to appear in Proceedings of Frontiers of Fundamental Physics 
Vol.5., Universities Press (Orient Longman). 

[26] S. Zakrewski, "Quantization, Coherent States and Complex Structures", 
Ed. J.P Antoine et al, Plenum Press, New York, 1995, p.249ff. 

[27] L. Nottale, Chaos, Solitons and Fractals, 12(9), July 2001, pp.l577ff. 

[28] B.G. Sidharth, Gravitation and Cosmology, 4(2), (14), 1998, p.l58ff. 

[29] B.G. Sidharth, Nuovo Cimento, 116B (6), 2001, p.735ff. 

[30] B.G. Sidharth, Int. J.Mod.Phys.A., 13 (15), 1998, p.2599ff. 

[31] BG. Sidharth, Int.J.Th.Phys., 37 (4), 1998, 1307-1312. 

[32] B.G. Sidharth, Chaos, Solitons and Fractals, 16(4), May 2003, pp.613- 
620. 

[33] S. Perlmutter, et al., Nature, Vol.391, 1 January 1998, p.51-59. 

[34] R.P Kirshner, Proc. Natl. Acad. Sci. USA, Vol.96, April 1999, pp.4224- 
4227. 

[35] J.V. Narlikar, "Introduction to Cosmology", Cambridge University 
Press, Cambridge, 1993, pp.237ff. 

[36] S. Weinberg, "Gravitation and Cosmology", John Wiley & Sons, New- 
York, 1972, pp.619ff. 

9 



[37] B.G. Sidharth, "New Cosmos", to appear in Special Issue of Chaos, 
Solitons and Fractals. 

[38] M.S. El Naschie, Chaos, Solitons and Fractals, 14, 2002, p.649-668. 

[39] B.G. Sidharth, Mod.Phys.Lett.A., Vol.14, No.5, 1999, p.387-389. 

[40] B.G. Sidharth, Mod.Phys.Lett.A., Vol.12, No.32, 1997, p.2469-2471. 

[41] Y. Yu Lobanov in "Frontiers of Fundamental Physics", Eds. B.G. Sid- 
harth and A. Burinskii, Universities Press, 1999, p.l35ff. 

[42] D.L. Goodstein, "States of Matter", Dover Publications Inc., New York, 
1985, p.l60ff. 

[43] K. Hagiwara, et al., (Particle Data Group), Phys.Rev.B., 66, 010001. 
[44] Nature, Report, 8 May, 2003. 



10 



